Different types of system disturbance with specific occurring times were identified. The influence of each disturbance on the FPE system was characterised. Technically feasible control variables were identified. Control variable coupled with a system controller design was presented. a r t i c l e i n f o 
Introduction
The free-piston engine (FPE) is a linear engine conversion device that compromises a linear combustion engine coupled with a load system [1] [2] [3] [4] . The reported effective efficiency of FPE is up to 46% at a power level of 23 kW with promising emission results [5] . Due to the lack of crankshaft mechanism, the complexity of the engine is significantly reduced, and the piston assembly is the only significant moving part. This gives a number of advantages upon conventional engines such us reduced frictional losses, higher power-volume ratio, and multi fuel/combustion mode possibility [6] [7] [8] . Typical modern applications of the FPE concept have been proposed with electric load or hydraulic load, and are now being investigated worldwide [9] [10] [11] [12] [13] [14] [15] [16] [17] . However, the piston movement for FPE is not limited by the crankshaft-connection rod system, it moves freely between its dead centres. Hence, the piston dynamics is prone to be influenced by disturbances from both internal and external sources [18] , which could induce to unstable operation, even engine misfire. As a result, the identification and control of disturbance to FPE are of significant importance to the further development of control system, while there has not been detailed research report this specific area.
Mikalson and Roskilly investigated the FPE control variables and disturbances using a full-cycle simulation model [19, 20] . The load force from the electric machine was identified as a disturbance to the FPE, and carried a high influence on both the engine speed and dead centre positions [19] . Variations in the injected fuel mass were found to affect the indicated mean effective pressure and peak in-cylinder pressure, and the variations were observed to be higher for the FPE than for the conventional engine. This was reported to be due to the variations in the combustion energy from cycle 1 which would influence the compression ratio for the cycles 2, 3, 4, etc. The combination of variations in both compression ratio and injected fuel mass would be expected to lead significantly higher peak cylinder pressure variations in the FPEG technologies [20] .
A high-speed free-piston diesel engine was developed by Johansen et al. aimed at marine applications as an alternative to both gas turbines and traditional diesel engines [21] [22] [23] . Timing inaccuracies were reported to lead to disturbances on the piston force balance, furthermore the piston motion would vary from cycle-tocycle. A slightly late opening of the exhaust valve would induce a higher pressure in the combustion chamber and result in an undesired increase in the stroke length [21] . Cycle-to-cycle variations would also induce to pressure disturbance in the intake and exhaust manifold. The variability in the stroke was demonstrated to be controlled within 2 mm out of a stroke of about 200 mm [21] .
The free-piston engine generator (FPEG) prototype developed by Beijing Institute of Technology was reported to misfire every one to two cycles, with severe cycle-to-cycle variations [24] . The possible sources of the variations and unstable operation were considered to be (1) the air/fuel mixture formation might vary from cycle to cycle in cold engine conditions, (2) the spark and initial flame propagation could have cyclic variations as normal SI engines, (3) the unstable combustion could lead to an undesired piston profile and then influence the heat release process in the next cycle [24] . The FPEG prototype developed by Toyota Central R&D Labs Inc. was a single piston type with a gas rebound device [25, 26] . A power generation experiment was carried out, and results demonstrated that the prototype operated stably for a long period of time [26] . Pre-ignition was found to occur during the test, and the cylinder pressure in the combustion chamber increased earlier than the spark timing. As a result, the oscillation frequency was disturbed, and temporary unstable operation was observed. With the help of the designed feedback control system, the system was reported to recover from the unstable state in less than 1 s [26] .
This paper aims to analyse the possible disturbances to the FPEG prototype using a fast-response numerical model, and reject the disturbances with feasible controller. By identifying different types of system disturbance with specific occurring times, the influence on the system can be characterised. Technically feasible control variables were identified and coupled with a system controller design to minimise the impact of each kind of disturbance, a design which can be used in future FPE control system designs.
FPEG System simulation

FPEG configuration
The designed spark-ignited FPEG prototype is illustrated in Fig. 1 . The system is compromised two opposing internal combustion engine, and a linear electric generator is placed in the middle of two cylinders. The engine is operated using a two-stroke gas exchange process, and the power stroke is controlled to take place alternately in each cylinder to drive the compression stroke in the opposite side. As a result, the mover reciprocates between its dead centres, and the generator converts this mechanical energy into electricity, which will be stored by an external load. More information about the prototype development approach can be found in elsewhere [27] .
Fast-response numerical model description
The FPEG is commonly modelled using several differential equations to characterise the piston dynamics and simulate engine performance [7, 14] . All the design parameters are coupled with each other in these models, making them overly complex to be used in the real-time control system as the differential equations are solved iteratively. As a result, assumptions are made to simplify the system, i.e. (a) energy consumed by the heat transfer to the cylinder walls and gas leakage through the piston rings are ignored; (b) the running cycle of FPEG is two adiabatic compression/expansion processes connected with a constant volume heat release process. The FPEG system is finally described by a forced mass-spring vibration system under external excitation, which is illustrated in Fig. 2 . Details for the simplification and derivation can be found in our previous publications [28] .
The simplified dynamic equation is expressed as: 
FðtÞ ¼ F 0 sin xt
where m is the moving mass of the mover with the pistons (unit: kg); x is the mover displacement (m); the constant c is the damping coefficient; the constant of proportionality k is the spring constant; k v is the coefficient of the load force, and it varies with the load resistance; and FðtÞ is the excitation force;c is the heat capacity ratio; p 0 is the ambient pressure (Pa); A is the piston surface area (m 2 ); L s is the length of half stroke (m); m f is the injected fuel amount to the combustion chamber (kg); L c is the length of the clearance (m); CR is the set geometric compression ratio, which is affected by the ignition timing due to the ideal constant volume heat release process; H u is the low heating value of the fuel(J/kg); g c is the combustion efficiency; C v is the heat capacity at constant The angular natural frequency x of a FPEG is expressed by:
The solution to Eq. (1) can be obtained according to vibration theory [29] , and the piston displacement is then defined by:
Model validation and simulation results
The fast response model was validated with test data from a running prototype with a maximum stroke of 70 mm [28] . The simulated piston displacement was compared with the test data at the same operating condition, which is shown in Fig. 3 . With the same input parameters, the simulation results of the piston dynamics show similar trends with the test results, and the tested amplitudes are almost identical to the simulation. The fastresponse numerical model is considered of acceptable accuracy to predict the experimentally observed piston dynamics. More information on the prototype used for model validation can be found elsewhere [2, 3, 6, 7, 24, 28, 30, 31] , and details for the method employed for model validation can be found in Ref. [28] .
The fast-response numerical model was developed in Matlab/ Simulink, calibrated using parameters and test data obtained from an operating FPEG prototype. The main design data of the prototype used in this paper are listed in Table 1 . This prototype configuration is identical to the input parameters used in this model. During the steady operation, the fuel delivery and ignition systems are activated and the electrical discharge between the spark plug electrodes starts the combustion process close to the end of the compression stroke. The engine size is determined during the design process, which cannot be changed immediately during the operation. However, the electric load can make immediately changes during the generating process, the mode of the generator is able to be switched to a motor by the current vector motor control system. As shown in Fig. 4 , the engine can be operated stably at high load from the simulation, and the TDC achieved remains the same.
Potential system disturbance analysis
Introduction to disturbance
For conventional engines, the piston motion is imposed by the crankshaft mechanism, which defines the positions of the dead centres. However, for FPEs, the piston is not limited by the crankshaft mechanism, and its motion is only determined by the instantaneous sum of the forces acting on the mover. As illustrated in Fig. 5 , any disturbance from either internal from the engine or external from the electric load may induce to variations in piston motion profile between consecutive cycles. The disturbances could result from an immediate change of electric load, engine cycle-tocycle variations, or misfire.
A series of the two engine cycles mainly consist of four working processes: heat release, expansion, gas exchange and compression.
As demonstrated in Fig. 6 , the cycle-to-cycle combustion variations and engine misfire can only take place during the heat release process. However, the electric load change can occur anytime throughout out the operation. During the engine operation, there could be one disturbance taking place or several disturbances take place simultaneously. Several potential disturbance sources were identified and their differences on the engine performance will be discussed and characterised in the following section.
(1) Electric load change during expansion/gas exchange/compression/ heat release process. 3.2. Influence to system performance 3.2.1. Electric load change As an immediate electric load change can occur anytime during the engine operation, a simulation of immediate change at different working processes is undertaken to investigate the influence of the changing time to the piston dynamics. The engine is simulated to be operated at high load, and an immediate step change of the electric load is timed to occur at 0.5 s. Simulation results demonstrate that a corresponding changes in piston TDC is observed, and with different changing time, the TDC achieved dur- ing stable operation is identical. Fig. 7 demonstrates an example piston profile with a step decrease of the electric load by 15% (the coefficient of the load force in Table 1 decreases from 700 to 595). Fig. 8 shows an example of engine response to step increase of electric load by 5% (the coefficient of the load force in Table 1 increases from 700 to 735).
Cycle-to-cycle variations
Severe cycle-to-cycle variations have been described by experimental research articles in the operation of dual-piston FPEG [24] . The possible sources of these variations are considered to be a combination of a number of factors, i.e. intake/exhaust pressure variations in the manifold, combustion variations, air/fuel mixture formation variations [24] . As a result, the corresponding effective combustion efficiency, g c varies. In this section, a random value of g c from the range of m f was employed used to investigate the influence of these variations on the engine performance. As shown in Fig. 9 , low variations on the achieved piston TDC are observed. However, unlike conventional reciprocating engines, the unstable combustion in FPEs could affect the combustion process in the next cycle without the limitation of the crankshaft mechanism.
Unsuccessful ignition
During the operation of the FPEG, unsuccessful ignition could take place at any time. This problem could be caused by the unexpected failure of the spark plug/injector, or the power supply to the electronics, or poor air/fuel mixing, etc. When unsuccessful ignition happens, the excitation force changes to zero, as such FPEG system can be represented by a free vibration system with viscous damping, which is described by: Fig. 7 . Piston profile with step electric load decreases by 15%. Fig. 8 . Piston profile with step electric load increases by 5%.
As the damping coefficient is less than the critical damping coefficient c c :
The solution of Eq. (8) is underdamped according to the vibration theory [26] , which can be expressed by:
where the value of C 1 equals to _ x=x at the time when unsuccessful ignition occurs, and C 2 is the value of x when unsuccessful ignition takes place. The damped natural frequency after misfire is then given by [29] :
After substituting the constant parameter to Eq. (12), the piston profile after an unsuccessful ignition is demonstrated in Fig. 10 . It is overserved that when an unsuccessful ignition occurs in one operation cycle, the piston will be driven to the other side by the compressed air in the cylinder. Without the power force from the heat released by the gas mixture, the TDC achieved in the following cycle is significantly reduced, and cannot reach the required position for successful ignition. As a result, when unsuccessful ignition happens the engine stops after one oscillation cycle, and the piston stays in the middle of the stroke.
Electric load change with cycle-to-cycle variations
The data in Fig. 11 shows the influence of step electric load change along with cycle-to-cycle variations. At the time of 0.3 s, the electric load is controlled to decrease immediately by 15% (the coefficient of the load force in Table 1 decreases from 700 to 595). The model uses a random number generator ½0:95 À 1 to simulate cycle-to-cycle combustion variations. The piston TDC is observed to experience a step increase with small variations. Compared with the electric load change, the influence of the cycle-tocycle variations to the piston TDC is minimal but could affect the on-going controller performance. As a result, both the electric load change and cycle-to-cycle variations are suggested to taken into account in the design process of the controller.
Unsuccessful ignition with electric load change
When an unsuccessful ignition occurs, the excitation source for the FPEG system is then reduced, and the system becomes a free vibration system with viscous damping. As the damping coefficient equals to the coefficient of the load force, when misfire happens, the piston profile is supposed to vary with the electric load. When the electric load is reduced to 0, the damping is eliminated, and the FPEG system can be described by:
The solution to Eq. (15) is then: The data in Fig. 12 illustrates the piston trace after unsuccessful ignition along with immediate electric load change in percentage of the initial set value. The engine stops at the middle stroke after several oscillation cycles when disturbance occurs. With a lower electric load, more oscillation cycles are observed before the engine stops. It means that when unsuccessful ignition occurs, the engine will stop if the electric generator is still in operation, even at part load. If the electric load is reduced to zero, the sinusoidal oscillation of the mass will repeat continuously, and the TDC position remains affected. As a result, the recommended action is that the generator should be to switch off (or to a motor) immediately after unsuccessful ignition occurs to support the restart of the engine.
Unstable running analysis
As summarised in Table 2 , for the various disturbances considered, the engine responses in three different ways, i.e. TDC step change, TDC small variations and stop. For FPEs, without the limitation of the crankshaft mechanism, the TDC must be controlled within tight limits to ensure sufficient compression and to avoid mechanical contact between piston and cylinder head [19] . When unsuccessful ignition occurs, the engine will stop and the linear generator is required to switch off or switch to a motor mode to restart the engine. For TDC step change or variations, an effective engine control system is required to recover the system and maintain the target TDC after disturbance occurs, which will be further investigated in the following section.
Disturbance control system
System input and output analysis
As the aim of control system is piston stable running, the piston is controlled to reach and maintain the target TDC, x TDC . As a result, the TDC is selected as the system output, which can be calculated by:
The engine speed, H n (Hz) is a useful output sign for the observation of the engine operation, which is obtained by:
Fig . 11 . Piston dynamics after electric load change along with variations. Fig. 12 . Piston dynamics after misfire along with electric load change.
Table 2
Summary of unstable running and potential control parameters.
Electric load Cycle-to-cycle variations Unsuccessful ignition
Step increase
Step decrease
TDC response
Step increase Variations Stop
From Eqs. (17) and (18), it is apparent that both the TDC and engine speed are influenced by various input parameters, which can be further selected as control variables. The potential control parameters are summarised in three categories, which are summarised in Table 3 . The engine capacity is decided during the hardware design process, thus piston area, stroke length and moving mass are not considered as technically feasible real-time control inputs. As the changing of the load force is often considered as a disturbance [19, 20] , the injected fuel mass is selected as the main control variable in this paper. More discussions on the control objectives and control variables for the FPEG can be found in elsewhere [32] .
Varying the amount of fuel injected will affect the amount of energy released in the combustion process. The data in Fig. 13 shows the effect of the injected fuel mass per cycle on engine operation performance using Eqs. (17) and (18) . When the injected fuel mass changes from a wide range from À90% to 90%, i.e. without considering its physical feasibility, the TDC increases from 2 mm to 24 mm. The engine TDC is directly sensitive to the injected fuel mass amount, and small variations in the current engine can lead to significant changes in TDC and compression ratio. For an engine with a stroke length of 40 mm, as considered here, a TDC variation of ±1% of the stroke length would be equivalent to 0.4 mm and would produce a compression ratio variation of approximately ±1.0. However, the influence of the injected fuel mass on the engine speed is not that obvious compared with that on the piston TDC, the equivalent engine speed is limited within the range from 700 to 1500 rpm with the fuel mass changes from a wide range from À90% to 90%.
As the TDC of FPEs is required to be controlled within a tight limit [13, 19, 24, 33] , a TDC range from 14.5 mm to 18.5 mm with the corresponding injected fuel mass is enlarged and illustrated in Fig. 14 . It is apparent that the TDC vs fuel profile is close to linear, with a linear approximation plot in the same picture as a comparison. Hence, the relation between the piston and the injected fuel amount per cycle can be further simplified and described by a linear equation in order to get the system transfer function.
PID feedback control
The Proportional-Integral-Derivative (PID) controller is a threeterm controller that has a long history in the automatic control field. Due to its intuitiveness and its relative simplicity, in addition to satisfactory performance, it has become common practice to use the standard controller in industrial settings [34] . Applying a PID control law consists of properly applying the sum of three types of control actions: a proportional action, an integral action and a derivative one. These three actions can be described by the following equation [34] : Fig. 13 . Effects of injected fuel amount to TDC and engine speed. The controller transfer function CðsÞ can be written as:
where UðsÞ is the control variable; EðsÞ is the control error; K p , K i and K d are the proportional gain, integral gain and derivative gain respectively. Fig. 15 illustrates the FPEG plant coupled with a PID feedback controller, and it is a single-input single-output control loop. The target TDC is selected as the reference input for the control loop RðsÞ, with the actual piston TDC as the system output YðsÞ. The control error EðsÞ is the difference between the target TDC and its actual value, and is used as the input to the controller to calculate the fuel mass to the engine. As the system control variable, the fuel mass UðsÞ will be updated by the controller in real time to reduce the control error.
From Fig. 14 , the linear relationship between the output TDC YðsÞ and the injected fuel mass UðsÞ can be described as:
Then the transfer function of the FPEG system GðsÞ is expressed as:
If the disturbance is ignored for now, then the closed-loop transfer function for the whole system can be derived as:
By substituting CðsÞ and GðsÞ from Eqs. (20) and (22), the closedloop transfer function, from the reference input RðsÞ to output YðsÞ, is:
If a unit step input, RðsÞ ¼ 1 s is applied to the system, the system steady-state response can be obtained by applying the final value theorem:
This means for reference input of 1, the output is 1. There is no error at steady state, and the closed-loop control system tracks the input, which provides that the system is stable [35] .
Controller performance analysis
As the effect of the derivative gain term is limited in the TDC control loop, the controller performance was investigated using a PI controller only [20] . By setting the values of the proportional gain and integral gain in the feedback control system, a PI controller was successfully implemented into the simulation. An example of the engine response to a 15% step decrease of electric load (the coefficient of the load force in Table 1 decreases from 700 to 595) is shown in Fig. 16 . The disturbance occurs immediately at 1.0 s, and the controller performance is seen to be satisfactory. The settling time is acceptable, and the piston TDC is controlled to back to the set point in 0.5 s.
The peak error, shown in Fig. 17 , happens at the first cycle after the disturbance occurs. With the designed PI controller, the error begins to decrease from the second cycle, and then reduces to zero after several cycles. This is unavoidable as the controller is enabled to update the injected fuel mass only when an error is detected. The controller was manually tuned, and settling time could be further reduced by further optimised tuning process. In order to minimise the peak error and reduce the settling time, a predictive controller is suggested for the future research on the FPEG control strategy.
The injected fuel mass for each cycle after the occurrence of the disturbance is illustrated in Fig. 18 . It is observed that the injector is controlled to take action from the next operation cycle to reduce the error. However, the variations on the injected fuel mass are presented in Fig. 18 are not that significant, which should be con- trolled with high accuracy. The port injection system spray design means that the fuel is injected behind the intake valve, and the fuel will be draw into the cylinder when the intake valve opens. This may induce to some fuel drop out of the air, and may affect the control accuracy. Fig. 19 shows an example of the controller performance after electric load step decreases along with cycle-to-cycle variations. Electric load change occurs immediately at 1.0 s by 15% and the error starts to reduce from the second cycle when the controller takes action. However, variations happens throughout the operation process, and cannot be eliminated. This is because the combustion efficiency g c used to simulate the variations is a random value, and the burned fuel mass UðsÞ Á g c is then expressed by:
As a result, the cycle-to-cycle variation disturbance is simulated to occur after the controller calculation. The combustion efficiency is linked to a random value and by definition varies from cycle to cycle, hence the piston TDC is unable to remain constant by the controller with the current method.
Conclusion
This paper analysed the possible disturbances to the FPEG prototype using a fast-response numerical model. Immediate electric load change, engine cycle-to-cycle variations, and unsuccessful ignition are identified as three potential disturbances. During the engine operation, there could be one disturbance taking place or several disturbances take place simultaneously. From the simulation results, when step change of the electric load occurs, the corresponding change of piston TDC occurs in a step, and with different onset time, the TDC achieved during stable operation is the same. Low variations on piston TDC are observed when cycle-to-cycle variations take place. When unsuccessful ignition occurs, the engine will stop after one oscillation cycle. If the electric load changes along with engine misfire, with lower electric load, more oscillation cycles are observed for the engine to stop.
A PI feedback controller was implemented to the simulation to ensure the piston reached and maintained the target TDC when disturbance occurred. The injected fuel amount was selected as a potential control variable, with the target TDC as the reference input. The controller performance was seen to be satisfactory for the electric load step change. The settling time proved acceptable, and the piston TDC was controlled to back to the set point in 0.5 s. However, as cycle-to-cycle variation disturbance was simulated to occur after the controller calculation, the piston TDC is unable to remain constant by the controller with the current method.
